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Salting-out in the aqueous single-protein solution: the effect of
shape factor
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Abstract

A molecular–thermodynamic model is developed to describe salt-induced protein precipitation. The protein–protein
interaction goes through the potential of mean force. An equation of state is derived based on the generalized van
der Waals partition function. The attractive term including the potential of mean force is perturbed by the statistical
mechanical perturbation theory. The precipitation behaviors are studied by calculating the partition coefficient with
various conditions such as the ionic strength and the shape of protein. Our results show that the protein shape plays
a significant role in the protein precipitation behavior.
� 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

In the early days of protein chemistry, the only
practical way of separating different types of pro-
tein was by causing part of a mixture to precipitate
through alteration of some property of the solvent.
Precipitation is the simplest and the oldest practical
way to separate different proteins from a solution
mixture. Separation is achieved through the addi-
tion of precipitation agents such as inorganic salts,
non-ionic polymers, polyelectrolytes and organic
solventsw1–4x.

Many research groups have studied the protein
precipitation behavior with various experimental

*Corresponding author. Tel.:q82-2-2290-0529; fax:q82-
2-2296-6280; website: http:yywww.inchem.hanyang.ac.krylaby
mtl.

E-mail address: ycbae@hanyang.ac.kr(Y.C. Bae).

techniques. These experimental results suggest that
the protein salting-out may be considered a liquid–
liquid phase separation resulting in a supernatant
fluid phase with a dense precipitate fluid phase.
For instance, from Shih et al.’s experimentw3x,
the solid phase has both solid- and fluid-like
behavior and definitely has no long-range order
characteristic of protein crystals. In fact, it is now
accepted that the dense phase is actually a dense
fluid phase. Consequently, most theories for phase
equilibrium use the same model for the supernatant
fluid and the dense precipitate fluid phases. The
degree of separation is characterized by the parti-
tion coefficient,K , which is defined as the ratioe

of the protein concentration in the dense phase to
that in the supernatant phase. Recent theoretical
studiesw5–12x have been directed at developing
more fundamental models that account for the
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diverse interactions between the constituents in the
protein solution on a molecular level. For example,
Mahadevan and Hallw5,6x present a model, based
on Baker–Henderson perturbation theory, for the
protein precipitation by the non-ionic polymer.
Vlachy et al. w7x describe a model for a liquid–
liquid phase separation for solutions of colloids
and globular proteins, based on the random-phase
approximation. However, most recent theoretical
studies are concerned with aqueous solutions
where the electrolyte concentration is less than 0.1
molar. Experimental studies clearly show that the
protein precipitation by salts requires an electrolyte
concentration in the range 1–10 molar. Most of
authors treat the protein molecules as a large
spherical form charged poly-ions.

In this study, we present a molecular–thermo-
dynamic framework for the protein precipitation
behavior by highly concentrated inorganic salt.
Equation of state is the sum of a hard-sphere
reference contribution and a perturbation. The
reference term is derived based on the Carnahan–
Starling expressionw13x and the simple van der
Waals-type term is used for the perturbation to
describe the effect of protein shape, i.e. the degree
of deviation from the sphericity. We also discuss
the protein–protein effective two-body potentials.
These include potentials that are given by the
DLVO theory w14x in addition to an osmotic
attraction term to account for the excluded volume
effect of salt and also a square-well potential that
accounts for all extra forces such as hydrogen
bonding forces or possible hydrophobic forces.

2. Theoretical consideration

For the single-protein, the equilibrium model
treats the aqueous protein solution(protein, ions
and water) as a system of proteins in a continuum
pseudosolvent(water and ions). In this case, we
assume that the protein–protein interaction plays
the primary role in affecting phase separation.
Therefore, salt–salt and salt–protein interaction
are not treated explicitly.

2.1. The potential of mean force

Protein interactions can be described quantita-
tively by a two-body potential of mean force;

three-body and higher interactions become impor-
tant at protein concentrations higher than those of
reported here.

Kuehner et al.w10x proposed a sum of four
potentials of mean force to describe to the overall
perturbation potential of mean force,W (r),pp

between two different protein molecules;

W r sW rŽ . Ž .pp elec

qW r qW r qW r (1)Ž . Ž . Ž .disp osmotic specific

wherer is the center-to-center separation.W (r)elec

is the electric double-layer-repulsion potential,
W (r) is the dispersion potential,W (r) is andis osmotic

attractive interaction due to the excluded-volume
effect of the salt ions and is essential to describe
phase transitions induced by a non-adsorbing poly-
mer w5,6x, however, it may also be important at
higher concentrations of simple saltsw15x.
W (r) is an attractive potential between pro-specific

teins included to represent any specific chemical
effects such as hydrophobic interactions. Details
are shown in Appendix A.

Fig. 1 shows a representative overall protein–
protein perturbation potential of mean force. For
Is0.2 M (Fig. 1a), The Coulombic repulsion
shows positive, while that ofIs8.0 M (Fig. 1b)
is near zero. It means that at higher ionic strength,
the electric double-layer potential is negligible due
to the strong dielectric screening of Coulombic
repulsion. The osmotic attraction acts as a short-
range attraction, which is approximated by a sol-
vent diameter. The total potential ofIs8.0 M is
more attractive than that ofIs0.2 M. This explains
that higher ionic strength produces attraction strong
enough to yield higher partition coefficients.

2.2. Equation of state

For an aqueous protein solution, we employ a
statistical thermodynamic model based on the same
fundamental ideas that is the generalized van der
Waals partition function. The partition functionQ
depends on temperatureT, system volumeV and
number of protein moleculesN. The generalized
van der Waals partition functionw16x for a hard
sphere fluid is given:
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Fig. 1. The contributions to the total potential of mean force as a function ofrys for Is0.2 M (a) and Is8 M (b).p

N N Nw zB E B E B E1 V V yEf 0 NC F C F C FQ T,V,N s exp qx |Ž . Ž .r,v3
D G D G D GN! L V 2k Ty ~B

(2)

whereL is the de Broglie wavelength and the free
volumeV is the volume available to the center off

mass of a molecule.E is the intermolecular0

potential energy of one molecule due to the attrac-
tive forces from all other molecules. The contri-
bution per molecule from rotational and vibrational
degree of freedom,q , is a unit(s1) for a perfectr,v

sphere molecule. For large molecules,q dependsr,v

significantly on density, when the molecules devi-
ate from the spherical shape. Donohuew17x pro-
posed the expression ofq .r,v

cy1w zB EV Ef 0C Fq V,T s exp y (3)x |Ž .r,v
D GV 2k Ty ~B

where 3c is the total number of effective external
degree of freedom per molecule. It is well known
that shapes of most proteins are not perfectly
spherical. In this work, we replacec by t to takeps

into account the effect of protein shape in the
partition function,Q. It is assumed thatt affectsps

to the potential of mean force andq , simultane-r,v

ously. Eq.(2) is replaced by:

Nw zB EN NB E B E ¯1 V V yEf 0C FC F C F x |Q T,V,N s expŽ . 3
D G D G D GN! L V 2k Ty ~B

N t y1( )psB B EE¯V yEf 0C C FF= exp
D D GGV 2k TB

NtpsB B EENB E ¯1 V V yEf 0C C FFC Fs exp (4)3
D G D D GGN! L V 2k TB

where E st E , which is the intermolecular0 ps 0
¯

potential energy of a non-spherical protein due to
the attractive forces from all other proteins. Inter-
acting types of protein molecules affect the inter-
molecular potential energy between non-spherical
proteins. The fact is found in literaturew18x that
the interacting types between non-spherical mole-
cules affect the intermolecular potential energies.
The interacting types are depicted in Fig. 2. There-
fore, t reflects the rotational and vibrationalps

contributions per a protein molecule that are affect-
ed by the presence of non-spherical proteins. In
this work, we assume that the difference between
E and E originated from non-sphericality is0 0
¯

mainly due to the additional volume of a non-
spherical molecule.
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Fig. 3. The three-directional axes for the shape factor of a
protein molecule.

Fig. 2. The interacting types:(a) spherical molecules;(b–d) non-spherical molecules.

B EdyaddC Fy sy qdy sy 1qnon sph add sph
D Gysph

sy t (5)sph ps

wherey represents the volume of a protein mole-
cule and subscript ‘non’, ‘sph’ and ‘add’ stand for
non-spherical, spherical and additional, respective-
ly. t is defined by the geometric mean of theps

ratio of s to s :pi p

B EdyaddC Ft s 1qps
D Gysph

11
n B EB E s s s 3px py pznn C Ff s ys f (6)C Fpi p2 3

D GsD G pjs1

where ns3 due to the experimental accessibility
w19,20x and simplicity. x, y and z are three-
directional axes, which are shown in Fig. 3 and
s is i-directional crytstallographic unhydratedpi

diameter. The larger value oft means that theps

each directional protein diameter deviates more
from the unhydrated hard sphere diameter. When
t s1, i.e. a perfect hard sphere,Q reduces to theps
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Fig. 4. (a) The three-dimensional shape of the hard prolate spherocylinderswg(ss ys )s2x. (b) The simulation data of com-pz px

pressibility factors of hard prolate spherocylinders. The solid line is calculated by the proposed reference term. The dashed line is
calculated by the Carnahan-Starling reference term.

classical van der Waals-type perturbed-hard-sphere
theory.

The equation of state is related:

B E≠lnQ
C FPsk T (7)B
D G≠V T,N

Substituting Eq.(4) into Eq. (7) with V sf

, Carnahan–Starling expression
w zh 3hy4Ž .x |Vexp 21yhy ~Ž .

w13x, yields:
2 2t 4hy2hB E Ž .psP t rUpsC Fs1q q (8)3

D Grk T 1yh 2k TŽ .B B

wherers(NyV) is the number density of protein
molecules,P is the pressure. In Eq.(8), t , whichps

results from the third term in Eq.(4), corrects
both the underestimated hard sphere contribution
and attractive perturbation. Especially, the packing
fraction,h, is defined as follows:

3prsp
hsh qdh ssph add 6

B EdhaddC F= 1q sh t (9)sph ps
D Ghsph

andU is the perturbation energy per unit density,

E0 2Us s4p W r r dr (10)Ž .pp|r

whereW (r) is the sum of the potentials-of-mean-pp

force. We compare the proposed reference term
with simulation dataw21x of compressibility factors
of hard prolate spherocylinders(gs2). As shown
in Fig. 4a, s ss ss and s s2s . In thispx py p pz p

special case, we obtaint s1.26 from Eq.(6).ps

Fig. 4b shows that the proposed model(solid line)
gives the better agreement than that of Carnahan–
Starling expression(dashed line).

The general equation for calculating the Helm-
holtz energy from a pressure-explicit equation of
statew9x is:

0 rA A dr
s q Pyr2k Ty1Ž .B|Nk T Nk T r0B B

20 2t 4hy3hŽ .psA rt Upss q q (11)2Nk T 1yh k TŽ .B B

whereA (T) is the Helmholtz energy at standard0

state.
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Fig. 5. The effect of ionic strength on partitioning at various
t values.ps

Fig. 6. The effect of the effective Harmaker constant on par-
titioning at varioust values.ps

The chemical potential is:

B E≠A
C Fms (12)
D G≠N T,V

and substituting Eq.(11) into Eq. (12) yields:

2 30 t 8hy9h q3hŽ .psDm m m
s y s 3k T k T k T 1yhŽ .B B B

2t rUpsqlnrq (13)
k TB

At equilibrium, protein concentrations in the
supernatant and dense-fluid phases are calculated
from Eqs. (14) and (15) based on the classical
equilibrium conditions:

s dDm sDm (14)

s dP sP (15)

where superscripts ‘s’ and ‘d’ denote the superna-
tant and dense phases, respectively.

3. Results and discussion

For the precipitation of a single protein in an
aqueous salt solution, we examine the effect of the
ionic strength, pH and the protein shape. The
partition coefficient,K , of the aqueous proteine

solution can be obtained from the equilibrium
conditions and is given by the ratio of the equilib-
rium number density of protein in the dense phase
to that in the supernatant phasewKsr yr sh yd s d

h x. For all calculations, the value ofz (pH) iss 2

used from the published experimental dataw22,23x.
For the hypothetical calculations shown in Figs.
5–8, model parameters are used to correspond to
a small globular protein taken to have properties
similar to bovinea-chymotrypsin precipitating in
ammonium sulfate. Waksman et al.w19x reported
that the protein structure change from the super-
natant to dense phases is negligible by comparing
experimental results of X-ray crystallography and
nuclear magnetic resonance(NMR) methods.
Therefore, we assume thatt of the supernatantps

phase is the same as that of the dense phase.
Fig. 5 shows the predicted partition coefficient,

K , plotted as a function of ionic strength fore

systems with Hyk Ts5, ´ yk Ts2, ds3 A,B sp B
˚



529B.H. Chang, Y.C. Bae / Biophysical Chemistry 104 (2003) 523–533

Fig. 7. The effect of´ yk T on partitioning at varioustsp B ps

values.

Fig. 8. The effect ofd on partitioning at varioust values.ps

s s3.5 A, pHs8.25, s s34.3 A, Drs0.08 Aion p
˚ ˚ ˚

for various values oft . K increases exponen-ps e

tially with the ionic strength and is very sensitive
to the small change oft . In Fig. 6, K is plottedps e

as a function of the effective Hamaker constant at
Is7.0 for various values oft . The results showps

that the partition coefficient depends very strongly
on the value ofHyk T. In Figs. 7 and 8, theB

computed partition coefficient shows relatively
weak dependence oń yk T and d. K alsosp B e

increases significantly with the small change of
t .ps

Coen et al. w8x have conducted precipitation
experiments for two small globular proteins, hen-
egg-white lysozyme and bovinea-chymotrypsin,
in solutions of ammonium sulfate at various ionic
strengths and pH. Figs. 9 and 10 show the two-
dimensional structures of bovinea-chymotrypsin
and hen-egg-white lysozymew20x, respectively. As
shown in these figures, the shapes of two proteins
deviate significantly from the spherical type(t sps

1). Based on the simulated structure, we could
calculate t of hen-egg-white lysozyme(t sps ps

1.62, Fig. 10) and of bovine a-chymotrypsin
(t s1.22, Fig. 9) from Eq.(6). Fig. 11a,b showsps

experimental and calculated values ofK as ae

function of ionic strength fora-chymotrypsin at

pHs5.5 and 8.3, respectively. The solid line in
Fig. 11a is calculated witht s1.22 that is deter-ps

mined from the simulated structure shown in Fig.
9. From these calculations,t has the larger valueps

at lower pH and higherI. It means that the shape
of protein depends strongly on the solvent condi-
tions such as ionic strength, pH, etc. As the ionic
strength increases and pH decreases, the salts and
acids added in the solution makes the protein
molecules more denatured or de-folded. It results
in the value oft increases. The model parametersps

are Hyk Ts4, ´ yk Ts0.5, ds3 A, s s3.5B sp B ion
˚

A, s s43.4 A andDrs0.08 A, respectively. Thep
˚ ˚ ˚
small value ofHyk T is chosen to minimize theB

effect of Hyk T on protein precipitation.B

Fig. 12 represents the hen-egg-white lysozyme
precipitation data in ammonium sulfate solution at
pHs4.0 (Fig. 12a) and 8.0(Fig. 12b) for K as ae

function of ionic strength. Solid line in Fig. 12a
representsK values att s1.62 that is calculatede ps

from the simulated structure shown in Fig. 10. As
shown in these figures,t is the characteristicps

function of pH andI implicating the nature of
each protein molecule. As expected, these calcu-
lation results show that the values oft of a-ps

chymotrypsin are smaller than those of
hen-egg-white lysozyme. The model parameters
are Hyk Ts4, ´ yk Ts1.0, ds3 A, s s3.5B sp B ion

˚
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Fig. 9. The two-directional structures of ana-chymotrypsin molecule. The circle is not exact size but a conceptual one.s s43.4p

is suggested by Kuehner et al.w12x.

Fig. 10. The two-directional structures of a hen-egg-white lysozyme molecule. The circle is not exact size but a conceptual one.
s s34.3 is suggested by Coen et al.w9x.p

A, s s34.3 A and Drs0.08 A, respectively.p
˚ ˚ ˚
Larger´ yk T value than that ofa-chymotrypsinsp B

is used as suggested by Kuehner et al.w10x.

In the comparison calculated values with exper-
imental data,K could be determined by the othere

parameters, for instance,Hyk T, ´ yk T and d.B sp B
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Fig. 11. The partition coefficient,K of a-chymotrypsin in ammonium sulfate solution at pHs5.5 (a) and pHs8.3 (b). The darke

circles are experimental data and the lines are calculations.

Fig. 12. The partition coefficient,K of hen-egg-white lysozyme in ammonium sulfate solution at pHs4.0 (a) and pHs8.0 (b).e

The dark circles are experimental data and the lines are calculations.

However, it is well known thatHyk T does notB

depend on pH andI. It depends on the composition
and density of the protein and the chemical nature
of the solutew18x. Therefore, most proteins have
the similar values ofHyk T w11,18,24x; neverthe-B

less, many researchers reported the different values

of Hyk T for proteins. It is because, in theirB

calculations, the excluded-volume contribution is
underestimated due to assuming that a protein
molecule is a perfectly equivalent spherew22x. In
our case, we use the same value ofHyk T(s4)B

for a-chymotrypsin and hen-egg-white lysozyme.
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It is reasonable because the underestimated exclud-
ed volume contribution is corrected by introducing
the protein shape factor,t . In addition, theps

dependence of́ yk T and d on K is not moresp B e

significant than that oft as shown in Figs. 7 andps

8. Consequently,t plays as a significant factorps

in the protein precipitation process.

4. Conclusion

We proposed an approximate equation-of-state
model for the salt-induced protein precipitation
with the reference term derived from the Carna-
han–Starling expression and the perturbation term
based on effective potentials of mean force. Espe-
cially, the effect of protein shape,t , deviatedps

from sphericity is seriously considered. Calculation
results show that at the lower pH and higherI, the
structure of protein deviates more from the sphe-
ricity so that it gives the higher probability of
protein denature or de-folding. The partition coef-
ficient, K , increases significantly with the smalle

change oft .ps
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Appendix A: The overall potentials

2 w z
x |z e exp yk rysŽ . Ž .2 py ~

W r sŽ .elec 24p´ ´ r 1qks y2Ž .0 r p

for r
) s q2Dr (A1)Ž .p

2 2k s 2e N I y k T´ ´ (A2)Ž . Ž .a B 0

2 2Is z c qz c y2 (A3)Ž .an an cat cat

2 2 2w zB EH s s sp p pC FW r sy q q2ln 1yx |Ž .disp 2 2 2 2
D G12 r r ys ry ~p

for r)sp

q2Dr (A4)

3w z4 3r r3W r sy ps r k T 1y qx |Ž . Ž .osmotic ps s B 33 4s 16sy ~ps ps

for sps

-r-2sps

W r s0 for r)2s (A5)Ž .osmotic ps

s s s qs y2 (A6)Ž .ps p ion

s s z s qz s y z qz (A7)Ž . Ž .ion an cat cat an cat an

W r sy´ for s -r- s qdŽ . Ž .specific sp p p

W r s0 for r) s qd (A8)Ž . Ž .specific p

r the center to center separation
z2 the valence of the protein
e the unit of electron charge
4p´0 the dielectric permittivity of free space
sp the unhydrated hard-sphere diameter
´r the relative dielectric permittivity of water
Dr the effective-sphere hydrationystern layer
k the inverse of the Debye length
Na Avogadro’s number
I the ionic strength of the salt
z , zan cat the anion and cation valences
c , can cat the ionic molar concentrations
H the effective Hamaker constant for the protein-protein

interaction
rs the total ionic number density
´ , dsp model parameters
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